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We clarify recent discussions on the induced electric charge, due to CP violation,
of a Dirac or ’t Hooft-Polyakov monopole at nonzero temperature. We then extend
the discussion to include fermions, at nonzero temperature, coupled to the ’t Hooft-
Polyakov monopole. Finally we argue that if dyons with fractional electric charge
exist in the Weinberg-Salam model, as recently suggested in the literature, then their
charge will be temperature dependent.
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Recently two papers [1, 2] analysed the temperature (T ) dependence of the frac-
tional electric charge induced respectively on (i) a Dirac monopole with CP-odd
boundary conditions on the fermions, and (ii) a ’t Hooft-Polyakov monopole under
the influence of a CP-odd -term in the lagrangian. Some comments in Ref.[2] ap-
pear to contradict those in Ref.[1]. Our main purpose here is to clarify the situation
by explaining why the charges in the two cases considered in Refs.[1, 2] dier. We
also compare the above situations with corresponding ones at zero temperature, and
discuss the other topics mentioned in the abstract.
As shown by Schwinger and Zwanziger, Dirac’s quantization condition for monopoles
[3] must be generalised in the case of dyons to [4]




where (ei; gi); 1  i  2, are the electric and magnetic charges of the ith dyon. From
the existence of electrons of charge (e; 0), one deduces from (1) that the dierence in
the electric charge (q−q0) of two dyons, carrying minimum magnetic charge g = 1=2e,
is an integral multiple of e,
q − q0 = n e; n 2 Z: (2)
However in the absence of CP conservation, there is no further restriction on q or q0








included in a spontaneously broken gauge theory containing ’t Hooft-Polyakov monopoles
[6]. Using canonical methods, it was shown in [5] that at zero temperature the





and it was asserted that the result was exact.
A way to understand (4) which will be useful for us later is due to Coleman [7]:
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In terms of the static four-potential (; ~A),











d3~r (~r) 3(~r) : (6)
Therefore [7] in the presence of a minimally charged monopole there is an induced
charge − e
2
. As emphasized by Coleman the result only depends on the light elds
outside the monopole core. Thus in the language of eective lagrangians, one need
only look at the CP-odd part of the low-energy, long-wavelength eective gauge la-
grangian, obtained after integrating out the matter elds, to determine a term of the
form (5) and hence the induced charge.
In Ref.[2] the ’t Hooft-Polyakov monopole was quantized by the method of collec-
tive coordinates to leading order at nonzero temperature . Since fluctuations of elds
were ignored in [2], their calculation is at tree level in the elds. At that order they
obtained again Eq.(4). We believe their result may be understood as follows. As is
well known, the partition function may be represented by an Euclidean path integral








d3x (L+ L) ; (7)
where L is the CP even part and L is given by (3). Therefore the CP-odd part
of the static, long-distance eective lagrangian obtained from (7) is to leading order
(when eld fluctuations are ignored), the same as (5) and hence the charge is given
by the same expression (4) at nonzero temperature. There is a dierence however:
As remarked in [1], at zero temperature the charge is an eigenstate of the charge
operator (see the canonical derivation in [5]), whereas at non-zero temperature the
charge is necessarily a thermal expectation value. By the result (4) being "the same"
at nonzero temperature what we mean is that numerically the values are identical.y
(Since our discussion here is in the eective lagrangian framework, we are automati-
cally referring to expectation values even at zero temperature unless otherwise stated).
yIt is unclear to us however if the result of [2] will remain unchanged once fluctuations in the
gauge and Higgs elds are included.
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We now generalize the result of Ref.[2] to include fermionsz coupled to the monopole.
If the coupling is CP-invariant then the eective gauge lagrangian (at one-loop when
the fermions are integrated out) must be CP-even if a CP-even regulator is used.
Therefore we expect (4) to again remain unchanged (at least to 1-loop). However
note that if the regulator breaks CP then fermions can contribute an additional piece
to the charge as happens already at zero temperature [8].
Though the net charge will be conserved when fermions are coupled in a CP-
invariant way to the monopole in Ref.[2], the distribution of charge is expected to
change signicantly. As noted by Callan and others [9] it is energetically favourable
for the charge to reside with the light fermions rather than in the small monopole
core (that is, for a monopole mass  fermion mass M ). While at zero temperature
this charge is spread over a distance 1
M
from the monopole core, for T  M the
charge will be distributed over a smaller radius 1=T [1]. (We, of course, assume
that the temperature is still lower than the symmetry restoration scale so that elec-
tromagnetism is well dened).
Consider next a Dirac monopole. In this case it was discovered long ago [10] that
unless particular boundary conditions at the monopole are imposed on the wave-
functions of the monopole-fermion Hamiltonian the problem is ill dened. The most
general boundary conditions are labelled by an angular parameter  [11] with CP
invariance holding only for  = 0 or . In [12] it was found that at zero temperature,




; − <  <  (8)
due to vacuum polarization. In order to compare this result for the Dirac monopole
with the preceeding discussion for the ’t Hooft-Polyakov monopole, we rephrase (8)
as follows. Since for generic  CP is broken by the fermions, integrating them out
to obtain the eective gauge lagrangian will generate a CP-odd contribution. The
unique gauge-invariant and CP-odd term of lowest dimension (and hence relevant at
long distances) is of the form (5), and thus we understand via (6) why there is an
induced electric charge. What is remarkable is that the boundary conditions could
be parametrized in such a way as to make the nal expression (8) for the Dirac case
zWe will only discuss massive fermions here to avoid subtleties involved with the massless case
(see [9, 12] for a discussion at zero temperature).
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resemble Witten’s formula (4). However whereas in Ref.[5] it was argued that Eq.(4)
is exact if (3) is the only source of CP violation, in the Dirac case Eq.(8) is a one-loop
result. We expect higher order corrections to modify the coecient of the eective
CP-violating term in the gauge lagrangian. Indeed it is easy to understand why
Eq.(8) should change even at one-loop but nonzero temperature: Now the fermion
determinant must be evaluated with dierent boundary conditions (antiperiodic in
Euclidean time) and hence the CP-odd term generated in the eective lagrangian will
generally be a complicated function of temperature, and hence so will QD(T 6= 0).
At high temperature it was found that [1]











Thus although  could be chosen such that QD(T = 0), Eq.(8), had the same form
as Eq.(4), at nonzero temperature the -dependence of QD changes. It is amusing
that the angular nature of  is not manifest at zero temperature but becomes so at
nonzero temperature [1], as seen for example in Eq.(9). Also at nonzero temperature,
QD vanishes smoothly for the CP even values  = 0 or .
We may therefore interpret the dierence between the results of Ref.[1] and Ref.[2]
in the following way. In Ref.[2], as in Eq.(3) the charge of the ’t Hooft-Polyakov
monopole is due to a "fundamental" theta () term in the lagrangian whereas in
Ref.[1] the charge of the Dirac monopole is due to an "eective" theta () term in the
eective gauge lagrangian. The eective theta term is generated by an underlying
source of CP violation in the fermionic sector and should receive higher order correc-
tions. It is also expected to depend on temperature, as indeed shown by an explicit
calculation in Ref.[1].
Let us now look at the physical meanings of the angles  and . The  parameter
in Eq.(3) arises naturally as a vacuum angle in Yang-Mills theories [13]. Though the
vacuum angle is usually associated with instantons, the induced charge (4) arises in
the monopole sector and is not a tunneling eect, as stressed in Ref.[5](See also [14]).
The parameter  of the Dirac problem obtains a physical interpretation once the Dirac
monopole is regarded as a point limit of a regular ’t Hooft-Polyakov monopole [15].
Consider an isodoublet fermion in the presence of a ’t Hooft-Polyakov monopole in
SU(2) gauge theory and let (r) be the radial Higgs eld of the monopole. Then it
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was shown in Ref.[15] that the Hamiltonian













with 1  a; k  3, a Pauli matrices, and (; k) Dirac matrices, describes, in the
limit M+ !1 and Mmon !1, the Dirac monopole plus electron system of Ref.[12]
(M  M−) labelled by the parameter . Thus the chiral angle  of the innitely
massive fermion M+ manifests itself as a boundary condition in the limiting Dirac
problem. Note that  is the relative angle between the two charge states in (10) so
it cannot be traded, through a chiral rotation [16], for a F ~F term in the lagrangian
[15]. This shows again the dierence between the vacuum angle  and the parameter
 in the Dirac problem. Furthermore the analysis of Ref.[15] shows that even in the
’t Hooft-Polyakov problem relative chiral angles are a source of CP violation which
contribute to the charge in a way very dierent from the vacuum anglex (see also [8]).
In conclusion, that part of CP violation in the fermionic sector which cannot be
moved by a chiral rotation into the pure gauge sector should give a temperature
dependent contribution to the dyon’s electric charge. This leads us to the last topic
mentioned in the abstract. The Weinberg-Salam model of electroweak interactions
appears to have magnetic monopole solutions [17, 18, 19]. So far their properties
have been studied in the absence of fermions. Since fermions in the Weinberg-Salam
Model are a source of CP violation, these monopoles are expected to become dyons
carrying irrational electric charges! [18]. It would be fascinating if such dyons turn
out to be phenomenologically relevant. From the discussion above we anticipate the
electric charge of these electroweak dyons to be quite dierent at high temperature
from that at zero temperature.
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